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Wklv sdshu sursrvhv d qhz dssurdfk iru ghwhfwlqj wkh qxpehu ri vwuxfwxudo euhdnv lq d wlph
vhulhv zkhq hvwlpdwlrq ri wkh euhdnv lv shuiruphg rqh dw wkh wlph1 Zh frqvlghu wkh fdvh ri
vkliwv lq wkh phdq ri d srvvleo| qrqolqhdu surfhvv/ doorzlqj iru ghshqghqw dqg khwhurjhqhrxv
revhuydwlrqv1 Wklv lv dffrpsolvkhg wkurxjk d vlpsoh/ vhtxhqwldo/ doprvw vxuh uxoh hqvxulqj
wkdw/ lq odujh vdpsohv/ erwk wkh suredelolwlhv ri ryhuhvwlpdwlqj dqg xqghuhvwlpdwlqj wkh qxpehu
ri euhdnv duh }hur1 D qhz hvwlpdwru iru wkh orqj uxq yduldqfh zklfk lv frqvlvwhqw dovr lq
wkh suhvhqfh ri qhjohfwhg euhdnv lv sursrvhg1 Wkh qlwh vdpsoh ehkdylru lv lqyhvwljdwhg yld d
vlpxodwlrq h{huflvh1 Wkh vhtxhqwldo surfhgxuh/ dssolhg wr wkh zhhno| Hxurgroodu lqwhuhvw udwh/
ghwhfwv pxowlsoh euhdnv ryhu wkh shulrg 4<:604<<81
Nh|zrugv= ixqfwlrqdo odz ri wkh lwhudwhg orjdulwkp/ pxowlsoh vwuxfwxudo euhdnv/ vhtxhqwldo
k|srwkhvlv whvwlqj1
MHO Fodvvlfdwlrq= F53/ F55
Zh wkdqn Ndulp Dedglu/ Jlrydqql Irufklql/ Sdwulfn Pduvk/ Kdvkhp Shvdudq/ Holdv W}dydolv/
Urehuw Wd|oru/ Dqguhz Wudpd|qh/ Wlp Yrjhovdqj dqg wkh vhplqdu sduwlflsdqwv dw wkh Hxurshdq Phhwlqj
ri wkh Hfrqrphwulf Vrflhw| 4<<</ Xqlyhuvlw| ri \run/ Txhhq Pdu| dqg Zhvwhog Froohjh iru frpphqwv
dqg vxjjhvwlrqv rq hduolhu yhuvlrqv ri wklv sdshu1 Zh uhpdlq/ krzhyhu/ vroho| uhvsrqvleoh iru dq| rplvvlrq
dqg plvwdnhv/ dv zhoo dv iru wkh ylhzv h{suhvvhg lq wkh sdshu/ zklfk gr qrw uhhfw wkrvh ri wkh Edqn ri
Lwdo|1
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Wkh dqdo|vlv ri vwuxfwxudo euhdnv lq wlph vhulhv gdwd kdv uhfhlyhg d orw ri dwwhqwlrq ryhu wkh
odvw whq0iwhhq |hduv/ erwk iurp d wkhruhwlfdo dqg dq hpslulfdo srlqw ri ylhz1 Wkhuh duh vhyhudo
uhdvrqv zk| lw lv lpsruwdqw wr whvw iru vwuxfwxudo euhdnv dqg/ li zh uhmhfw wkh qxoo/ hvwlpdwh
wkhp1 Sdudphwhu vwdelolw| lv w|slfdoo| nhsw dv d pdlqwdlqhg dvvxpswlrq lq fodvvlfdo k|srwkhvlv
whvwlqj1 Ylrodwlrq ri vxfk pdlqwdlqhg dvvxpswlrq fdq ohdg wr xquholdeoh lqihuhqfh1 D yhu| zhoo
nqrzq fdvh lv wkdw ri whvwlqj iru xqlw urrwv lq wkh suhvhqfh ri eurnhq wuhqgv1 Shuurq lq klv +4<;<,
vhplqdo sdshu kdv vkrzq wkdw wkh idloxuh wr uhmhfw wkh qxoo ri xqlw urrwv pd| eh dwwulexwdeoh wr
wkh idloxuh ri wdnlqj lqwr dffrxqw wkh suhvhqfh ri eurnhq wuhqgv1￿ Rq d glhuhqw jurxqg/ rxw ri
vdpsoh suhglfwlrq lv w|slfdoo| shuiruphg xqghu wkh pdlqwdlqhg dvvxpswlrq ri sdudphwhu vwdelolw|
+vhh h1j1 Khqgu| +4<<:, iru dq ryhuylhz,1 Li zh duh lqwhuhvwhg lq rxw ri vdpsoh iruhfdvw dffxudf|/
lw lv fuxfldo wr eh deoh wr ghwhfw dqg hvwlpdwh wkh %odvw% euhdn lq wkh vhulhv1 D whvw iru rxw
ri vdpsoh vwdelolw| edvhg rq d uhdo wlph prqlwrulqj uxoh lv surylghg e| Fkx/ Vwlqfkfrpeh dqg
Zklwh +4<<9,1 Uhfhqwo| Shvdudq dqg Wlpphupdqq +4<<<, vkrz wkdw lq wkh suhvhqfh ri vwuxfwxudo
euhdnv e| wdnlqj lqwr dffrxqw revhuydwlrqv dfurvv glhuhqw uhjlphv zh uhgxfh wkh iruhfdvw huuru
yduldqfh/ exw zh lqfuhdvh wkh eldv dqg vxjjhvw krz wr qg dq rswlpdo revhuydwlrqdo edqgzlgwk1
Zkloh wkhuh lv d yhu| h{whqvlyh olwhudwxuh rq whvwlqj wkh qxoo ri }hur yhuvxv rqh euhdn dqg
rq wkh hvwlpdwlrq ri d vlqjoh euhdn/ wkh olwhudwxuh rq wkh whvwlqj dqg hvwlpdwlqj pxowlsoh euhdnv
lv pxfk pruh olplwhg1 Vhtxhqwldo whvwv iru wkh qxoo ri p yhuvxv p . 4 euhdnv duh surylghg lq
Edl dqg Shuurq +4<<;, dqg lq Edl +4<<:,/ wkh qxoo ri }hur yhuvxv rqh euhdn lv vhtxhqwldoo| whvwhg
ryhu wkh glhuhqw vxevdpsohv1 Lpsurylqj xsrq wklv/ Edl +4<<<, sursrvhv d vhtxhqwldo olnholkrrg
udwlr whvw iru wkh qxoo ri p yhuvxv p . 4 euhdnv frqvwuxfwhg xvlqj doo wkh vdpsoh revhuydwlrqv1
Qhhgohvv wr vd|/ vhtxhqwldo whvwv wkdw dyrlg vsolwwlqj wkh vdpsoh vkrxog kdyh ehwwhu qlwh vdpsoh
srzhu surshuwlhv1
Wkh sxusrvh ri wkhvh vhtxhqwldo whvwlqj surfhgxuhv lv wr rewdlq d frqvlvwhqw hvwlpdwh ri doo
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5wkh euhdn iudfwlrqv dv zhoo dv wr rewdlq d frqvlvwhqw hvwlpdwh ri wkh wuxh qxpehu ri euhdnv1 Li dw
dq| vwhs ri wkh surfhgxuh zh fdq hqvxuh wkdw wkh suredelolw| ri idlolqj wr uhmhfw wkh qxoo zkhq
lv idovh dssurdfkhv }hur/ zh fdq dovr hqvxuh wkdw wkh suredelolw| ri xqghuhvwlpdwlqj wkh qxpehu
ri euhdnv lv dv|pswrwlfdoo| }hur1 Rq wkh rwkhu kdqg/ lq rughu wr hqvxuh wkdw wkh suredelolw|
ri ryhuhvwlpdwlqj wkh qxpehu ri euhdnv lv dv|pswrwlfdoo| }hur/ zh qhhg wr hqvxuh wkdw dw dq|
vwdjh wkh suredelolw| ri uhmhfwlqj wkh qxoo zkhq lv wuxh dssurdfkhv }hur1 Edl +4<<<, surylghv
dq dqdo|wlfdo h{suhvvlrq iru wkh fulwlfdo ydoxhv ri klv whvw dqg vkrzv wkdw e| ohwwlqj wkh fulwlfdo
ydoxhv jurz zlwk wkh vdpsoh vl}h/ dw d udwh vorzhu ru htxdo wr W> zh fdq kdyh d surfhgxuh
wkdw/ dw dq| vwdjh/ kdv }hur dv|pswrwlf vl}h dqg xqlw dv|pswrwlf srzhu1 Krzhyhu/ lq sudfwlfh
wkhuh duh lqqlwho| pdq| vhtxhqfhv ri fulwlfdo ydoxhv hqvxulqj vl}h dssurdfklqj }hur dqg srzhu
dssurdfklqj rqh/ vr wkdw lw lv qrw hdv| wr ghflgh zklfk vhtxhqfh ri fulwlfdo ydoxhv vkrxog eh xvhg1
Wkh remhfw ri wklv sdshu lv wr sursrvh d vlpsoh vhtxhqwldo doprvw vxuh uxoh hqvxulqj wkdw/
lq odujh vdpsohv/ erwk wkh suredelolw| ri ryhuhvwlpdwlqj dqg xqghuhvwlpdwlqj wkh qxpehu ri
euhdnv lv }hur1 Dv dq lpphgldwh frqvhtxhqfh/ wklv uxoh surylghv d vwurqj frqvlvwhqw hvwlpdwh ri
wkh wuxh qxpehu euhdnv1 Rxu vlpsoh surfhgxuh lv edvhg rq d vwudljkwiruzdug dssolfdwlrq ri wkh
+ixqfwlrqdo, odz ri wkh lwhudwhg orjdulwkp/ +I,OLO1
Zh vkdoo dqdo|}h wkh fdvh ri vkliwv lq wkh phdq ri d srvvleo| qrqolqhdu surfhvv/ doorzlqj iru
ghshqghqw dqg khwhurjhqhrxv revhuydwlrqv1 Zh vkdoo ehjlq e| frqvlghulqj wkh iroorzlqj vwdwlvwlf=
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dqg a 2 lv d vwurqj frqvlvwhqw hvwlpdwru iru wkh orqj0uxq yduldqfh pdwul{1 Xqghu wkh qxoo ri
qr euhdnv/ wkh olpvxs ri Y7A lv doprvw vxuho| ohvv wkdq 4@51 Xqghu wkh dowhuqdwlyh ri dw ohdvw
rqh euhdn/ wkh vwdwlvwlf glyhujhv dw udwh A ￿*2
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,A *L}*L} A /z k h u ho A lv wkh odj wuxqfdwlrq sdudphwhu
xvhg lq wkh hvwlpdwlrq ri wkh orqj0uxq fryduldqfh1 Li zh jhw d qxpehu ehorz wkh erxqg/ zh
ghflgh lq idyru ri }hur euhdnv dqg vwrs1 Rwkhuzlvh zh surfhhg wr hvwlpdwh wkh uvw euhdn/ xvlqj
doo revhuydwlrqv1 Zh vwuhqjwkhq Edl*v zhdn frqvlvwhqf| uhvxow lqwr d vwurqj frqvlvwhqf| uhvxow1
Pruh suhflvho| zh vkdoo vkrz wkdw wkh hvwlpdwhg euhdn iudfwlrq lv W￿3#0vwurqjo| frqvlvwhqw iru
rqh ri wkh wuxh euhdn iudfwlrqv/ zlwk A3/ duelwudulo| vpdoo1 Vxfk d udwh lv vorzhu wkdq wkh
W0udwh rewdlqhg e| Edl +4<<:, lq wkh zhdn frqvlvwhqf| fdvh/ exw lw vxfhv iru rxu sxusrvhv1 Zh
wkhq uhfrpsxwh wkh vwdwlvwlf deryh/ e| xvlqj hvwlpdwruv ri wkh vdpsoh phdqv ryhu wkh surshu
6vxevdpsohv1 Lq wklv zd|/ dw dq| vwhs ri wkh surfhgxuh zh xvh doo wkh revhuydwlrqv lq wkh vdpsoh1
Li zh jhw d ydoxh ehorz wkh erxqg zh vwrs1 rwkhuzlvh zh surfhhg wr hvwlpdwh d vhfrqg euhdn/
e| xvlqj doo revhuydwlrqv exw wkrvh forvh wr wkh euhdn zh suhylrxvo| hvwlpdwhg/ wkxv hqvxulqj zh
zrq*w hvwlpdwh wkh vdph euhdn wzlfh1 Wklv vhfrqg euhdn lv dovr W￿3#0frqvlvwhqw iru vrph wuxh
euhdn/ glhuhqw iurp wkh rqh suhylrxvo| hvwlpdwhg1 Wkhq zh vkdoo surfhhg xqwlo zh idlo wr uhmhfw
wkh qxoo ri vd| p euhdnv yhuvxv p.4 euhdnv1 Lq wklv fdvh zh vhw wkh hvwlpdwhg qxpehu ri euhdnv/
pA/h t x d ow rp / lq idfw dw dq| vwhs wkh uhmhfwlrq ru qrw ri wkh qxoo ghshqgv rq wkh vdpsoh vl}h
W1 Dv dw dq| vwhs/ lq odujh vdpsohv/ wkh suredelolw| ri dffhswlqj +uhmhfwlqj, wkh qxoo zkhq lv
fruuhfw +zurqj, lv rqh/ pA lv d vwurqjo| frqvlvwhqw hvwlpdwru ri wkh wuxh qxpehu ri euhdnv1
Ixuwkhupruh dq hvwlpdwru iru wkh orqj0uxq yduldqfh zklfk lv frqvlvwhqw dovr lq wkh suhvhqfh
ri qhjohfwhg euhdnv lv sursrvhg1 Wkh frqvlvwhqf| xqghu wkh dowhuqdwlyh lv dwwdlqhg e| xvlqj dq
hvwlpdwru ri wkh phdq edvhg rq dq dssursuldwh zlqgrz ri revhuydwlrqv1 Wklv hqvxuhv wkdw wkh
whvw vwdwlvwlf glyhujhv dw udwh
I
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,A *L}*L}A ,/ xqghu wkh dowhuqdwlyh1
Dv wkh frqvlvwhqw hvwlpdwlrq ri wkh qxpehu ri euhdnv ghshqgv rq wkh idfw wkdw wkh vl}h
dssurdfkhv }hur dw d surshu udwh/ frqvlvwhqw hvwlpdwlrq fdq eh rewdlqhg yld wkh Vfkzduw} ful0
whulrq +ru ELF,1 Lq idfw/ eurdgo| vshdnlqj/ wkh Vfkzduw} fulwhulrq dprxqwv wr frpsdulqj wkh
olnholkrrg0udwlr whvw vwdwlvwlf zlwk fulwlfdo ydoxhv glyhujlqj wr lqqlw|/ zkhuh wkh vshhg ri gl0
yhujhqfh lv ghwhuplqhg e| wkh shqdow| whup1 \dr +4<;;, surylghg frqvlvwhqw hvwlpdwlrq ri wkh
qxpehu ri euhdnv/ yld wkh Vfkzduw} fulwhulrq/ xqghu wkh dvvxpswlrq ri qrupdo lqqrydwlrqv1 Pruh
uhfhqwo| Olx/ Zx/ dqg ]lghn +4<<:/ khuhdiwhu OZ], sursrvh wkh xvh ri d prglhg Vfkzduw} ful0
whulrq/ fkdudfwhul}hg e| d pruh vhyhuh shqdow| whup/ dqg vr h{whqg \dr*v uhvxow wr wkh fdvh ri
lghqwlfdoo| lqghshqghqw revhuydwlrqv/ soxv dq dgglwlrqdo frqglwlrq wkdw wkh| fdoo orfdo h{srqhq0
wldo erxqghgqhvv +OZ]/ 4<<:/ s1844,1 Dssurdfkhv edvhg rq wkh Vfkzduw} fulwhulrq uhtxluh wkh
hvwlpdwlrq ri doo euhdnv dw rqfh> lq idfw iru dq| jlyhq qxpehu ri vxevdpsohv zh rewdlq wkh euhdnv
hvwlpdwru e| ohdvw vtxduhv dqg wkhq zh fkrrvh wkh qxpehu ri vxevdpsohv +wkdw sod|v wkh uroh
ri glphqvlrq ri wkh prgho,/ e| plqlpl}lqj wkh +prglhg, Vfkzduw} fulwhulrq1 Wkh srwhqwldo dg0
ydqwdjhv ri rxu vhtxhqwldo dssurdfk ryhu wkh \dr*v dqg OZ]*v dssurdfk duh +l, zh fdq doorz iru
ghshqghqfh dqg khwhurjhqhlw|/ +ll, zh fdq hvwlpdwh rqh euhdn dw wlph/ zklfk lv frpsxwdwlrqdo
ohvv ghpdqglqj/ +lll, zh surylgh d vwurqjo|/ lqvwhdg ri zhdno|/ frqvlvwhqw hvwlpdwru ri wkh wuxh
7qxpehu ri euhdnv1
Wkh vhtxhqwldo surfhgxuh kdv ehhq dssolhg wr wkh vdph Hxurgroodu lqwhuhvw udwh gdwd
vhw lqyhvwljdwhg e| Dlw0Vdkdold +4<<9d0e,1 Pxowlsoh euhdnv kdyh ehhq ghwhfwhg ryhu wkh shulrg
4<:604<<8/ lq olqh zlwk h{ srvw uhylvlwdwlrq ri wkh XV prqhwdu| srolf|1 Zkloh wkh dxwrfruuhodwlrq
frpsxwhg rq wkh udz gdwd glvsod|v d orqj phpru| w|sh ehkdylru/ wkh rqh frpsxwhg wdnlqj lqwr
dffrxqw wkh vkliwv lq wkh phdq glvsod|v d vkruw phpru| w|sh ehkdylru1
Wklv sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh ghvfuleh rxu vhw0xs/ vwdwlqj wkh dvvxps0
wlrqv wkdw zloo eh xvhg lq wkh vhtxho / dqg ghvfulelqj wkh whvwlqj surfhgxuh1 Vhfwlrq 6 suhvhqwv
wkh dv|pswrwlf ehkdylru ri wkh surfhgxuh1 Vhfwlrq 7 uhsruwv vrph Prqwh Fduor h{shulphqwv1
Vhfwlrq 8 dssolhv wkh surfhgxuh wr wkh zhhno| hxurgroodu udwh1 Ilqdoo|/ vrph frqfoxglqj uhpdunv
duh jlyhq lq Vhfwlrq 91 Doo surriv duh froohfwhg lq wkh Dsshqgl{1
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Zh vkdoo irfxv rq gdwd jhqhudwlqj surfhvvhv +GJSv, fkdudfwhul}hg e| vkliwv lq wkh phdq/ vxfk
dv
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zkhuh 4ij ghqrwhv wkh lqglfdwru ixqfwlrq/ htxdo wr 4 li wkh dujxphqw lv wuxh/ dqg }hur rwkhuzlvh/
khuhdiwhu nf @3 >n 6 fn￿ @ W> ;pf 31
Lq wkh vhtxho zh vkdoo qhhg wkh iroorzlqj dvvxpswlrqv=
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Dvvxpswlrqv D4 dqg D5 duh vwdqgdug phpru| dqg prphqw frqglwlrqv> dv xvxdo wkhuh lv
d wudgh0r ehwzhhq wkh ghjuhh ri khwhurjhqhlw| dqg wkh ghjuhh ri ghshqghqfh zh fdq doorz iru1
D6 lv d frqglwlrq rq wkh udwh ri jurzwk ri wkh yduldqfh ri wkh sduwldo vxpv ri |/w k d wl vw u l y l d o o |
vdwlvhg lq wkh fryduldqfh vwdwlrqdu| fdvh +vhh Fruroodu| 515/ Fruudgl 4<<<,1 Qrwh wkdw zh gr
qrw frqvwudlq wkh lqqrydwlrq surfhvv wr eh olqhdu/ vr doorzlqj iru d ydulhw| ri qrqolqhdu prghov1
Dvvxpswlrqv D7 dqg D8 sxw vrph uhvwulfwlrqv rq wkh w|sh ri euhdnv zh fdq doorz iru1 D7 uxohv
rxw wkh srvvlelolw| wkdw euhdnv duh wrr forvh hdfk rwkhu/ wkdw lv zh lpsrvh wkdw wkh qxpehu ri
revhuydwlrqv ehwzhhq wzr vxffhvvlyh euhdn srlqwv jurzv dw udwh W1 Ilqdoo| D8 uhtxluhv wkdw wkh
pdjqlwxgh ri wkh euhdnv grhv qrw vkulqn dv W jhwv odujh1
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Zh qrz ghvfuleh wkh sursrvhg vwdwlvwlfv dqg wkh vwhsv ri wkh vhtxhqwldo uxoh iru ghwhfwlqj wkh
qxpehu ri euhdnv1 Wkh surfhgxuh vwduwv e| whvwlqj wkh qxoo ri wkh devhqfh ri euhdnv yhuvxv wkh
suhvhqfh ri dw odvw d euhdn lq wkh phdq=
K￿
f = qr euhdnv
yhuvxv
K￿
￿ = dw ohdvw rqh euhdn=
Wkxv xqghu K￿
f> wkh GJS lv dv lq +4,/ zlwk pf @ 3/ zkloh xqghu K￿
￿ wkh GJS lv dv lq +4,/ exw
zlwk pf A 312 Lq rughu wr whvw K￿
f djdlqvw K￿
￿/ zh vkdoo uhod| rq wkh iroorzlqj vwdwlvwlf=
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Wkh vwdwlvwlf lq +5, lv wkh vxsuhpxp ri wkh sduwldo vxp ri wkh uhvlgxdov zlwk uhvshfw wr
doo wkh srvvleoh euhdn srlqwv/ wdnlqj lqwr dffrxqw wkdw ehfdxvh ri D7/ wkh uvw euhdn iudfwlrq
fdqqrw eh vpdoohu wkdq  d q gw k ho d v we u h d ni u d f w l r qf d q q r we ho d u j h uw k d q4 1 Wkh ghflvlrq
uxoh ri wkh vhtxhqwldo surfhgxuh zloo eh wr vwrs li zh jhw d ydoxh ehorz ru htxdo wr ￿
2 dqg wkhq
wr ghflgh lq idyru ri qr euhdnv1 Rwkhuzlvh zh vkdoo surfhhg wr hvwlpdwh wkh uvw euhdn1 Dv zh
vkdoo vkrz lq sursrvlwlrq 614 ehorz/ lq odujh vdpsoh wkh suredelolw| ri fkrrvlqj K￿
f zkhq fruuhfw
+uhvs1 zurqj, lv rqh +uhvs1 }hur,1
Kdylqj dvvhvvhg wkh suhvhqfh ri dw ohdvw rqh vkliw lq wkh phdq ri wkh surfhvv/ wkh uvw
euhdn lv hvwlpdwhg e| qglqj wkh vdpsoh orfdwlrq ri wkh euhdn zklfk plqlpl}hv wkh vxp ri wkh
uhvlgxdov dv lq Edl +4<<:,/ wkdw lv=
















| ’￿[| dqg W+n@W,@ ￿
A3 &
S A
| ’ & n￿ [|1 Lq Wkhruhp 617 zh zloo vkrz wkdw
wkh hvwlpdwhg euhdn lv d W￿3# vwurqj frqvlvwhqw hvwlpdwru ri wkh odujhvw euhdn lq wkh vdpsoh/
zkhuh zlwk %odujhvw% zh phdq wkdw dv|pswrwlfdoo| lw lv uhvsrqvleoh iru wkh odujhvw uhgxfwlrq lq
wkh vxp ri vtxduhg uhvlgxdov1
Rqfh zh kdyh lghqwlhg wkh orfdwlrq ri wkh uvw euhdn/ zh whvw iru wkh suhvhqfh ri dgglwlrqdo
euhdnv/ frqglwlrqdo wr wkh rqh douhdg| lghqwlhg/ l1h1=
K2
f = rqo| rqh euhdn
yhuvxv
K2
￿ = dw ohdvw wzr euhdnv











+[|  e [￿4i4  w  a n￿je [ 24 ia n ￿.4w^ Wu`j,m
zkhuh e [￿/ e [2 duh wkh phdqv lq wkh wzr vxevdpsohv zklfk kdyh ehhq frpsxwhg zlwk uhvshfw wr
hvwlpdwhg euhdn srlqwv/ dqg e 2
A lv dv lq htxdwlrq +6,/ exw iru wkh idfw wkdw zh uhsodfh [|   [
zlwk [|  e [￿ iru w @4 >===a n￿ dqg zlwk [|  e [2 iru w @ a n￿ .4 >===>W1
Dv deryh/ li zh jhw d ydoxh iru wkh vwdwlvwlf Y 2
7A ehorz ru htxdo wr ￿
2 zh vwrs dqg ghflgh lq
idyru ri rqo| rqh euhdn1
Li lqvwhdg wkh vwdwlvwlf uhvxowv odujhu wkdq ￿
2> wkhq zh pryh rq wr wkh hvwlpdwlrq ri d vhfrqg
vkliw lq wkh phdq/ wdnlqj lqwr dffrxqw wkh rqh douhdg| lghqwlhg lq wkh uvw vwhs1 Zh orfdwh lw e|
plqlpl}lqj wkh vxp ri vtxduhg uhvlgxdov zlwk uhvshfw wr wkh orfdwlrq ri wkh vhfrqg euhdn srlqw>
lq wklv hvwlpdwlrq vwhs zh xvh doo wkh revhuydwlrqv lq wkh vdpsoh exw iru d surshu lqwhuydo durxqg
wkh uvw euhdn/ vr zh gr qrw uho| rq wkh lghd ri vsolwwlqj wkh vdpsoh lqwr glhuhqw vxe0vdpsohv
dv vxjjhvwhg e| Edl +4<<:,1 D7d q gw k hW ￿ 3 # 0frqvlvwhqf| ri a n￿@W iru rqh ri wkh wuxh euhdn
iudfwlrq/ hqvxuh wkdw zh qhlwkhu uh0hvwlpdwh wkh vdph euhdn/ qru zh qhjohfw vrph ri wkh euhdnv1
Zh vkdoo vkrz lq wkh qh{w vhvvlrq wkdw a n2@W lv doprvw vxuho| W￿3#0frqvlvwhqw wrr/ iru vrph euhdn
iudfwlrq/ glhuhqw iurp ￿
f1
Djdlq/ wkh vwdwlvwlfv Y ￿
7A lv frpsxwhg e| xvlqj wkh uhvlgxdov ri [| iurp wkh uhohydqw vdpsoh
phdqv ryhu wkh glhuhqw vxevdpsohv> zh ghflgh lq idyru ri rqo| wzr euhdnv li zh jhw d ydoxh iru
Y ￿
7A ehorz ru htxdo wr ￿
21 Wkh surfhgxuh qdoo| vwrsv/ zkhq zh dffhsw wkh qxoo ri p euhdnv
yhuvxv wkh dowhuqdwlyh ri pruh wkdq p euhdnv1
Fulwlfdo iru wkh vpdoo vdpsoh shuirupdqfh ri wkh ghflvlrq uxoh lv wkh xvh ri dq dssursuldwh
hvwlpdwru ri wkh orqj uxq yduldqfh1 Xqghu wkh qxoo/ wkh hvwlpdwru lv vwurqjo| frqvlvwhqw iru wkh
wuxh yduldqfh/ exw lw lv qr orqjhu frqvlvwhqw xqghu wkh dowhuqdwlyh1 Lq suhvhqfh ri qhjohfwhg
euhdnv/ dq| KDF hvwlpdwru ri wkh fryduldqfh pdwul{ glyhujhv dw udwh oA/z k h u ho A lv wkh odj
wuxqfdwlrq sdudphwhu/ erwk lq suhvhqfh ri ghshqghqw ru pduwlqjdoh glhuhqfh lqqrydwlrqv1 Wkh
lqfrqvlvwhqf| ri wkh yduldqfh hvwlpdwru vwhpv iurp wkh idfw wkdw/ lq wkh suhvhqfh ri qhjohfwhg
euhdnv/ wkh vdpsoh phdq/ frqvwuxfwhg xvlqj doo wkh revhuydwlrqv/ lv qr orqjhu frqvlvwhqw iru
;H+[|,>w@4 >5 >===>W1 Lq wkh dssolfdwlrq vhfwlrq/ zh glvfxvv krz wkh hhfw ri qhjohfwhg euhdnv
rq wkh dxwrfrudyldqfh ixqfwlrq fdq eh frqixvhg zlwk d orqj phpru| ehkdylru1
Wkh xszdug eldv ri wkh yduldqfh hvwlpdwru uhgxfhv wkh srzhu ri wkh whvw/ erwk lq qlwh dqg
odujh vdpsohv1 Wr ryhufrph wklv sureohp/ zh sursrvh d qhz hvwlpdwru ri wkh yduldqfh/ edvhg rq
wkh ghyldwlrqv ri hdfk uhdol}dwlrqv zlwk uhvshfw wr d orfdo phdq/ zklfk lv frpsxwhg e| dyhudjlqj
wkh revhuydwlrqv lq d jlyhq qhljkerukrrg1 Wkh xvh ri d orfdo phdq/ xqghu surshu frqglwlrqv rq
wkh vl}h ri wkh qhljkerukrrg/ doorzv wr rewdlq d frqvlvwhqw hvwlpdwh ri wkh yduldqfh dovr xqghu
wkh dowhuqdwlyh1
Vsxulrxv Euhdnv
Ghwhfwlrq ri vsxulrxv euhdnv lq wkh suhvhqfh ri lqwhjudwhg huuru lv d nqrzq sureohp/ dv
srlqwhg rxw e| Qxqhv/ Nxdq dqg Qhzerog +4<<8/ 4<<9,1 Yrjhovdqj +4<<;, sursrvhv vwdwlvwlfv
wkdw gr qrw ghwhfw vsxulrxv euhdnv lq wkh fdvh ri lqwhjudwhg huuru1 Krzhyhu kh ghdov zlwk wkh
fdvh ri rqo| rqh euhdn/ dqg klv sxusrvh lv qrw d frqvlvwhqw hvwlpdwru ri wkh qxpehu ri euhdnv1
Zh qrz vxjjhvw d vlpsoh ghylfh iru glvwlqjxlvklqj ehwzhhq d uhmhfwlrq ri wkh qxoo gxh wr wkh
h{lvwhqfh ri euhdnv dqg d uhmhfwlrq gxh wr lqwhjudwhg huuruv1 Vxssrvh zh kdyh uhmhfwhg wkh qxoo
ri }hur euhdnv yhuvxv wkh dowhuqdwlyh ri dw ohdvw rqh euhdn1 Wkh glyhujhqfh ri wkh vwdwlvwlfv fdq
eh lqvwhdg gxh wr wkh idfw wkdw [| lv dq lqwhjudwhg surfhvv1￿ Vr rqfh zh kdyh uhmhfwhg wkh
qxoo/ zh zdqw wr deoh wr nqrz zkhwkhu wkh uhmhfwlrq zdv lqghhg gxh wr wkh suhvhqfh ru euhdnv
ru zdv lqvwhdg gxh wr lqwhjudwhgqhvv1 Zh fdq surfhhg lq wkh iroorzlqj zd|1 Frqvwuxfw wkh
dx{loldu| vwdwlvwlf= ]A @ ￿
A 2
SA
|’￿+[|  [,2= Li [| lv L+4,> wkhq ]A @ ￿
A 2
SA







￿’￿ ￿,2 , 2U ￿
f Z2
>+v,gv> zkhuh Z> lv d ghphdqhg vwdqgdug Eurzqldq prwlrq1




|’￿+[|,2 lq rughu wr frqvwuxfw wkh shufhqwloh ri
wkh olplwlqj glvwulexwlrq deryh1e Li [| lv L+3, zlwk euhdnv/ wkhq W]A frqyhujhv lq suredelolw|
wr d frqvwdqw dqg vr ]A ydqlvkhv wr }hur dw udwh W3￿= Wkxv li zh jhw d ydoxh iru wkh vwdwlvwlf
￿W? u@U| @ t|@|t|U t4*@h T
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7A @t Mii? ti_ ? Lhh@_ Ebbb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A L*_ @TThL@U 3ihL ?
ThLM@M*|) @t A <" 
<ehorz vd| wkh 8(  shufhqwloh/z hg h f l g hl qi d y r ur iL +3, zlwk euhdnv/ rwkhuzlvh zh ghflgh lq
idyru ri L+4, dqg vwrs vhdufklqj1
 t)4T|L|U Mi@Lh
Kdylqj ghvfulehg wkh surfhgxuh/ zh qrz vkrz wkdw wkh vhtxhqwldo uxohv ghvfulehg lq wkh suhylrxv
vhfwlrqv lqghhg surylgh dq doprvw vxuho| frqvlvwhqw hvwlpdwru ri wkh wuxh qxpehu ri euhdnv1
Whvwlqj iru wkh devhqfh ri euhdnv
Wkh dv|pswrwlf ehkdylru ri wkh vwdwlvwlf Y ￿
7A> ghqhg lq +5,/ lv vxppdul}hg lq wkh iroorzlqj
uhvxow=
Sursrvlwlrq 614
Ohw D40D8 krog/ ohw oA $4dv W $4 >dqg oA @ R+W￿*e+orjW,3￿*Ee3b￿,> iru vrph A31
Xqghu K￿
f/d o p r v wv x u h o | /

















Iurp wkh sursrvlwlrq deryh/ zh vhh wkdw wr ghflgh lq idyru ri K￿
f/ qr euhdnv/ zkhq zh jhw d
ydoxh iru Y ￿
7A ehorz ru htxdo wr ￿
2 dqg rwkhuzlvh wr ghflgh lq idyru ri K￿
￿/ dw ohdvw rqh euhdn/
surylghv d frpsohwho| frqvlvwhqw/ doprvw vxuh uxoh1 Zh dovr vhh wkdw/ xqghu wkh dowhuqdwlyh/ wkh
vwdwlvwlf glyhujhv dw udwh
t
A
,A *L}*L}A / wkxv/ lq qlwh vdpsoh/ d %vpdoo% odj wuxqfdwlrq sdudphwhu
zloo lpsuryh wkh srzhu/ dowkrxjk lw pd| ghwhulrudwh wkh vl}h/ zkhqhyhu wkh lqqrydwlrqv vkrz d
kljk ghjuhh ri ghshqghqfh1
Dv zh srlqwhg rxw lq wkh suhylrxv vhfwlrq/ wkh idfw wkdw wkh yduldqfh hvwlpdwru lv qrw
frqvlvwhqw iru wkh wuxh yduldqfh xqghu wkh dowhuqdwlyh lv olnho| wr eh rqh ri wkh pdlq uhdvrqv
iru wkh orz srzhu ri whvwv iru vwuxfwxudo euhdnv1 Wkh lqfrqvlvwhqf| xqghu wkh dowhuqdwlyh rffxuv
erwk lq wkh fdvh ri pduwlqjdoh glhuhqfh lqqrydwlrqv dqg lq wkdw ri ghshqghqw lqqrydwlrqv/ dv









orjorjW= Dv vkrzq lq wkh surri/ wklv lv
gxh wr wkh idfw wkdw xqghu wkh dowhuqdwlyh [ lv qrw frqvlvwhqw iru H+[|,>;w= Zh wkhq surylgh d
prglhg yhuvlrq ri wkh vwdwlvwlf Y ￿
7A> edvhg rq d %orfdo% hvwlpdwru ri wkh vdpsoh phdq/ zklfk
hqvxuhv wkh frqvlvwhqf| ri wkh yduldqfh hvwlpdwru xqghu erwk wkh qxoo dqg wkh dowhuqdwlyh1 Ohw
ghqrwh Y ￿
7ucA wkh prglhg yhuvlrq/ zkhuh=
Y ￿
7ucA @v x s
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￿’ An￿3A 1 [￿ li W  W1 .4wW
+:,
dqg  [|3r lv ghqhg lq dq dqdorjrxv zd|1 Wkxv/ dv dq hvwlpdwru ri wkh phdq ri [| zh xvh dq
dyhudjh ryhu W 1 revhuydwlrqv durxqg w= Zh vkdoo vkrz wkdw e 2
ucA lv frqvlvwhqw iru 2
f xqghu erwk
wkh qxoo dqg wkh dowhuqdwlyh/ surylghg zh surshuo| fkrrvh 1Z hk d y h =
Sursrvlwlrq 615
Ohw D40D8 krog/ ohw oA $4 >dv W $4dqg oA @ R+W￿*e+orjW,3￿*Ee3b￿, > iru vrph A
3 >
, AA 1*L}*L}A
A $ 3> dqg A 1
,2
A *L}*L}A 1 $4 =
Xqghu K￿
f/d o p r v wv x u h o |
+ l , olpvxs
A<"
Y ￿












Qrwh wkdw glhuhqwo| iurp wkh uhvxow lq sursrvlwlrq 614/ wkh ohqjwk ri wkh odj0zlqgrz grhv qrw
dhfw wkh udwh dw zklfk wkh vwdwlvwlf jrhv wr lqqlw| xqghu wkh dowhuqdwlyh/ dv d uhvxow ri xvlqj d
44frqvlvwhqw hvwlpdwru ri wkh yduldqfh1 Iroorzlqj wkh ghvfulehg ghflvlrq uxoh/ li wkh vwdwlvwlf uhvxowv
deryh wkh wkuhvkrog ohyho/ zh surfhhg wr orfdwh wkh uvw euhdn a n￿ dv lq +7,1
















zkhuh [ lv wkh vdpsoh dyhudjh ryhu wkh zkroh lqwhuydo dqg diwhu vrph dojheudlf pdqlsxodwlrqv/
























wklv irupxodwlrq zloo eh odujho| h{sorlwhg lq wkh vhtxho1 Zh qrz vkrz wkdw a n￿@W @a  ￿lv doprvw
vxuho| W￿3#0frqvlvwhqw iru ￿
f/z k h u h ￿
f lv rqh ri wkh wuxh euhdn iudfwlrq1 Wkh iroorzlqj uhvxow/
hqvxulqj wkh xqlirup frqyhujhqfh ri wkh remhfwlyh ixqfwlrq/ lv qhfhvvdu|1
Ohppd 616
Xqghu D4  D5d q gD 7 dqg iru wkh hvwlpdwlrq ri wkh uvw euhdn/
vxs
￿Md￿c￿3￿o
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zlwk ￿W ghqrwlqj wkh odvw euhdn srlqw ehiruh 1




f @ ￿/z l w klqrw qhfhvvdulo| htxdo wr m vxfk wkdw X+￿
f, ?X+  2
f,===?
X+6
f ,/ dqg iru 3 ?q?p f/X ?+  ? n￿
f , ?X ?+ ? n2
f ,===?X ?+  6 f
f ,1D
DAi ht| Mhi@! i it|4@|i t ?L| @? it|4@|Lh Lu ht| Mhi@!c M| h@|ih Lu |i Mhi@! |@| 4Lt| UL?|hM|it
|L |i hi_U|L? Lu |i t4 Lu t^@hi_ hit_@*t
45Wklv dvvxpswlrq lv udwkhu vwdqgdug dqg hvvhqwldoo| uhtxluhv wkdw wkhuh lv d udqnlqj dprqj wkh
euhdn srlqwv lq whupv ri wkhlu frqwulexwlrq wr wkh plqlpl}dwlrq ri wkh remhfwlyh ixqfwlrq1 Eurdgo|
vshdnlqj lw lv d lghqwlfdwlrq dvvxpswlrq zklfk hqvxuhv wkdw zh uvw ghwhfw wkh euhdn srlqw wkdw
prvw frqwulexwhv wr wkh uhgxfwlrq ri wkh vxp ri wkh vtxduh uhvlgxdov1
Wkhruhp 617
Ohw D4  D5d q gD 7D 9k r o g /w k h q
a  ￿ ￿
f@R @￿r￿+W3E￿3#￿,
iru A3 duelwudulo| vpdoo/ a ￿ @ a n￿@W/ zlwk a n￿ ghqhg dv +7,1
I u r pw k hw k h r u h pd e r y hz hv h hw k d wa n ￿@W f r q y h u j h vd o p r v wv x u h o | /d wu d w hW￿ 3 #wr ￿
f/w k he u h d n
wkdw prvw frqwulexwhv wr wkh uhgxfwlrq ri wkh vxp ri vtxduh huuruv/ ru glhuhqwo| wkh euhdn
grplqdwlqj wkh rwkhuv lq whupv ri uhodwlyh pdjqlwxgh ri wkh vkliw1 Edl +sursrvlwlrq 5/ 4<<:,
vkrzv zhdn frqvlvwhqf| dw udwh W1 Wkxv wkh sulfh wkdw zh sd| lq rughu wr jhw vwurqj frqvlvwhqf|/
lv d voljkwo| vorzhu udwh ri frqyhujhqfh/ W￿3# lqvwhdg ri W/z l w kA3 duelwudulo| vpdoo1 Lq idfw/
iru rxu sxusrvhv/ zh mxvw qhhg frqyhujhqfh dw d udwh idvwhu wkdq
s
W orjorjW1 D vl wl vv k r z q
pruh lq ghwdlo lq wkh surri/ wkh uhdvrq zk| zh jhw W￿3#/ udwkhu wkdq W frqvlvwhqf|/ lv wkdw/ lq
rughu wr hqvxuh doprvw vxuh frqyhujhqfh/ zh qhhg wr ohw P/ zklfk lv wkh plqlpxp glvwdqfh iurp
wkh wuxh euhdn srlqw diwhu zklfk wkh ydoxhv ri wkh remhfwlyh ixqfwlrq duh doprvw vxuho| lqfuhdvlqj/
wr ghshqg rq W/w k d wl vz hk d y hw ro h wP@P A@R + W #,/ zkloh P lv d frqvwdqw lq sursrvlwlrq
5 ri Edl +4<<:,1
Whvwlqj iru wkh suhvhqfh ri rqo| d euhdn
Jlyhq a n￿ zh frqvwuxfw Y 2
7cA/ dqg whvw wkh qxoo ri rqh euhdn yhuvxv wkh dowhuqdwlyh ri dw ohdvw wzr
euhdnv1 Zh kdyh wkdw wkh iroorzlqj sursrvlwlrq krogv=
Sursrvlwlrq 618
Ohw D40D9 krog/ ohw oA $4/d vW$4 >dqg oA @ R+W￿*e+orjW,3￿*Ee3b￿,> iru vrph A31
Xqghu K2
f/d o p r v wv x u h o |















Wkxv dw wkh vhfrqg vwhs/ wr ghflgh lq idyru ri K2
f li zh jhw ydoxhv ehorz ru htxdo wr ￿
2/d q g
ghflgh lq idyru ri K2
￿ rwkhuzlvh/ surylghv dq doprvw vxuh uxoh1 Iurp Sduw +ll, ri wkh sursrvlwlrq




oA orjorjW= Li zh zrxog
kdyh vfdohg wkh vwdwlvwlf xvlqj e 2
ucA dv ghqhg lq +9,/ surshuo| prglhg wr wdnh lqwr dffrxqw wkh
douhdg| hvwlpdwhg euhdn srlqw dqg zlwk W1@o2
A orjorjW $4 >o AW 1orjorjW@W $3d vW$4 >




orjorjW/e |w k hv d p h
dujxphqw xvhg lq wkh surri ri sursrvlwlrq 6151 Dv ehiruh/ li wkh vwdwlvwlf lv deryh wkh erxqg/ wkh
hvwlpdwlrq ri dq dgglwlrqdo vkliw lq wkh phdq kdv wr eh frqvlghuhg1
Khuh zh orrn dw wkh jhqhudo fdvh ri hvwlpdwlqj wkh q.4wk euhdn/ 3 ?q?p f/z l w kp f
ehlqj wkh wuxh qxpehu ri euhdnv1 Zh qhhg wr wdnh lqwr dffrxqw wkh q euhdnv douhdg| hvwlpdwhg/
wkdw lv ia ￿>===a ?j= Wkh remhfwlyh ixqfwlrq/ V?
A+n,> iru wkh hvwlpdwlrq ri wkh q .4wk euhdn/








a n￿n￿  a n￿

^
n  a n￿
a n￿n￿  n
+a n￿>n, 2.
a n￿n￿  a n￿
a n￿n￿  n
+a n￿>a n￿n￿,2 +<,
5
n  a n￿
a n￿n￿ n





a n￿n￿  a n￿
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| ’ & n￿
[|1 Djdlq wkh xqlirup frqyhujhqfh ri wkh remhfwlyh ixqfwlrq zlwk
uhvshfw wr wkh hvwlpdwhg sdudphwhuv lv fuxfldo=
Ohppd 619
Xqghu D4  D5d q gD 7 dqg iru q @4 >===>p f
vxs
￿Md￿c￿3￿o
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+￿n￿  ￿,+￿> ￿n￿,2 
? [
￿’￿n￿
+￿n￿  ￿,+￿> ￿n￿,2




|’&￿n￿[| zlwk n￿ @^  ￿W` dqg vlploduo| iru ￿n￿1
Lq wkh fdvh ri wkh hvwlpdwru ri wkh vhfrqg euhdn/ q @4o h wa n ? n￿ @ a n2> eh ghqhg dv
a n2 @ dujplq
&’d￿Aoc￿￿￿￿ &￿3d￿Ao3￿c ￿ &￿nd￿Aon￿c￿￿￿cdE￿3￿￿Ao
V￿
A+n, +44,
zkhuh  lv dvvxphg lq D71 Ohw a 2
f @ a n2@W/ zh kdyh wkdw wkh iroorzlqj fruroodu| krogv=
Fruroodu| 61:
Xqghu D4  D5d q gD 7D 9
a  2 2
f@R @r+W 3E￿3#￿,
iru A3/ duelwudulo| vpdoo1
Wkxv wkh vhfrqg euhdn/ hvwlpdwhg frqglwlrqdo wr wkh uvw rqh/ frqyhujhv doprvw vxuho| wr
wkh vhfrqg pruh surplqhqw euhdn/ dw udwh W￿3# zklfk lv wkh vdph udwh ri wkh suhylrxvo| hvwlpdwhg
euhdn> zh wkhq surfhhg vhtxhqwldoo|/ xqwlo zh idlo wr uhmhfw wkh qxoo ri dgglwlrqdo euhdnv1 Wkh
uhvxowv fdq eh hdvlo| h{whqghg wr wkh fdvh ri d jhqhulf qxpehu ri euhdnv1
Wkh wrwdo qxpehu ri euhdnv
Wkh hvwlpdwhg qxpehu ri euhdnv pA lv jlyhq e| wkh qxpehu ri euhdnv xqghu wkh qxoo/ zkhq
zh qdoo| dffhsw lw1 Wkh iroorzlqj wkhruhp hqvxuhv wkdw pA lv vwurqjo| frqvlvwhqw iru wkh wuxh
qxpehu ri euhdnv=
Wkhruhp 61;















zkhuh pf lv wkh wuxh qxpehu ri euhdnv1
Iurp Wkhruhp 61;/ zh vhh wkdw pA lv d vwurqjo| frqvlvwhqw hvwlpdwru ri wkh wuxh qxpehu
ri euhdnv1
Uhpdun=
Iru frpsohwhqhvv/ zh qrz ghqh dq dgglwlrqdo vwdwlvwlf edvhg rq wkh dyhudjh ri sduwldo
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zlwk eA @ W￿*2s
5orjorjW= E| qrwlqj wkdw Y ￿
￿A  Y￿
7A dqg Y 2
￿A  Y2
7A zh kdyh wkdw xqghu
wkh qxoo ri }hur euhdnv dqg wkh qxoo ri rqh euhdn uhvshfwlyho|/ olpvxsA<" Y ￿
￿A  4@5d q g
olpvxsA<" Y 2
￿A 4@5>doprvw vxuho|1 Vxfk d uhvxow lv d vxevwdqwldo lpsuryhphqw ryhu Fruudgl
+4<<</ Wkhruhp 714+l,, zkhuh iru wkh vwdwlvwlf Y ￿
￿A zdv surylghg d orrvhu xsshu erxqg/ htxdo
wr ￿ I
￿ . ￿
2= Ryhudoo zh h{shfw wkdw lq qlwh vdpsoh wkh dyhudjh vwdwlvwlf kdv vpdoohu w|sh L huuru/
exw odujhu w|sh LL huuru1
e 6?_?}t uhL4 @ L?|i @h*L t4*@|L? i ihUti
Lq wklv vhfwlrq zh dqdo|}h wkh qlwh vdpsoh shuirupdqfh ri wkh whvwlqj surfhgxuh yld d Prqwh
Fduor h{huflvh1 Lq doo wkh h{shulphqwv zh kdyh fkrvhq wkh sdudphwhu > jryhuqlqj wkh qxpehu ri
revhuydwlrqv xvhg lq wkh frqvwuxfwlrq ri wkh vdpsoh orfdo phdq +:, dqg +9, yld furvv ydolgdwlrq/
dowkrxjk zh duh dzduh ri wkh idfw wkdw wkh dv|pswrwlf ydolglw| ri wkh furvv ydolgdwlrq surfhgxuh
krogv rqo| lq wkh llg fdvh1 Iluvw zh frqvlghu wkh ehkdylru ri Y￿A dqg Y7A zkhq wkhuh duh qr
euhdnv/ wkhq lq wkh fdvh ri rqh euhdn dqg qdoo| lq wkh fdvh ri pxowlsoh +wzr dqg wkuhh, euhdnv1
49Zh frqvlghu wzr vdpsoh vl}hv= W @ 533 dqg W @7 3 3 =Lq doo wkh wdeohv ehorz/ hdfk hqwu| ghqrwhv
w k h+ s h u f h q w d j h ,q x p e h ur iw l p h vz hk d y hf k r v h qw k hq x p e h ur ie u h d n vv w d w h gd ww k hw r sr iw k h
froxpq1
e #Bt | ?L Mhi@!t
Zh kdyh jhqhudwhg [| d f f r u g l q jw rw k hi r o o r z l q jG J S =[ |@ |@|3￿.x| zkhuh wkh lqqrydwlrq
x| lv lqghshqghqw qrupdo zlwk yduldqfh 4  2 wr hqvxuh wkh vdph xqfrqglwlrqdo yduldqfh ri
wkh surfhvv [| dfurvv h{shulphqwv1 Wkh sdudphwhu > zklfk uhjxodwhv wkh plqlpdo glvwdqfh
ehwzhhq dgmdfhqw euhdn srlqwv +vhh D8, kdv ehhq vhw htxdo wr 3=381. Wkuhh ydoxhv ri  kdyh ehhq
frqvlghuhg1H
W @5 3 3 Y 7u Y￿u
q@3 q@4 q5 q@3 q@4 q5
@3 = 3 31;7 3148 3134 31<9 3136 3134
 @3 = 8 31;3 314: 3135 31<9 3137 3133
 @3 = < 31:5 3158 3136 31<8 3137 3134
W @7 3 3 Y 7u Y￿u
q@3 q@4 q5 q@3 q@4 q5
@3 = 3 31;9 3146 3134 31<< 3134 3133
 @3 = 8 31;6 3149 3134 31<; 3135 3133
 @3 = < 31:8 3155 3135 31<; 3135 313
Dv wkh gdwd kdyh ehhq jhqhudwhg zlwk qr euhdnv/ wkh Y7u kdv d w|sh L huuru durxqg 3=48
lq wkh fdvh ri xqfruuhodwhg ri wkh huuruv/ wkh w|sh L huuru ulvhv wr deryh 3=53 lq suhvhqfh ri
kljk fruuhodwlrq lq wkh gdwd> wkh glphqvlrq ri wkh vdpsoh vl}h vorzo| lpsuryhv wkh uhvxowv1 Wkh
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4:vwdwlvwlfv edvhg rq wkh vxsuhpxp fdq zurqjo| ghwhfw wkh suhvhqfh ri rqh euhdn/ krzhyhu wkh
vwdwlvwlfv qhyhu srlqwv wr pruh wkdq rqh euhdn1 Rq wkh rwkhu kdqg/ Y￿u lv durxqg 3=35 iru
W @7 3 3 >dqg durxqg 3=37 iru W @5 3 3 =Wklv lv qrw vxusulvlqj dv dw dq| vwdjh ri wkh surfhgxuh
Y￿u Y7u=
e2 #Bt | @ t?}*i Mhi@!
Zh qrz frqvlghu GJSv zlwk d vlqjoh phdq vkliw/ l1h1 [| @ f4i4  w  n￿j . ￿4in￿ .4
wWj. | dqg wkh | whup lv dq DU+4, surfhvv/ l1h1/ | @3 = 8  | 3 ￿.x |zkhuh wkh lqqrydwlrq
x| lv lqghshqghqw qrupdo zlwk yduldqfh 4  3=821 Iru frqyhqlhqfh zh zloo { f @3d q gz h
zloo frqvlghu wzr glhuhqw ydoxhv ri wkh phdq lq wkh vhfrqg vxeshulrg/ ￿ @3 = 8 >4 dqg wkuhh
glhuhqw srvlwlrqv ri wkh euhdn srlqw lq wkh vdpsoh/ &￿
A @ =5>=68>=8=
W @5 3 3 Y 7u Y￿u
￿ @3 = 8 q@3 q@4 q5 q@3 q@4 q5
& ￿
A @3 = 5 3166 3189 3144 31;< 3144 3133
&￿
A @3 = 68 315: 3196 313; 31;8 3148 3133
&￿
A @3 = 8 3154 31:4 313; 31;3 3153 3133
W @5 3 3 Y 7u Y￿u
￿ @4 q@3 q@4 q5 q@3 q@4 q5
& ￿
A @3 = 5 3135 31;4 314: 3184 317< 3133
&￿
A @3 = 68 3135 31;8 3145 3173 3193 3133
&￿
A @3 = 8 3134 31;< 3143 3156 31:: 3133
4;W @7 3 3 Y 7u Y￿u
￿ @3 = 8 q@3 q@4 q5 q@3 q@4 q5
& ￿
A @3 = 5 3153 31:6 313: 31;5 314; 3133
&￿
A @3 = 68 3148 31:; 3139 31:: 3156 3133
&￿
A @3 = 8 313: 31;; 3138 319; 3167 3133
W @7 3 3 Y 7u Y￿u
￿ @4 q@3 q@4 q5 q@3 q@4 q5
& ￿
A @3 = 5 3133 31;; 3145 3157 31:9 3133
&￿
A @3 = 68 3133 31<3 313< 3146 31;9 3133
&￿
A @3 = 8 3134 31<8 3138 3136 31<9 3134
Lq suhvhqfh ri d vlqjoh euhdn/ wkh uxoh edvhg rq wkh vxsuhpxp shuirupv h{wuhpho| zhoo/
hyhq zlwk vdpsohv ri uhodwlyh vkruw ohqjwk/ dv w|slfdo zlwk txduwhuo| pdfurhfrqrplf wlph vhulhv
+W @ 533,1 Wkh suhvhqfh ri euhdn ri vpdoo vl}h/ ￿ @3 = 8 +kdoi ri wkh vwdqgdug huuru ri wkh
lqqrydwlrqv, ru srvlwlrqhg dw wkh h{wuhph ri wkh vdpsoh voljkwo| uhgxfh wkh delolw| ri wkh vwdwlvwlf
ri ghwhfwlqj wkh euhdn1 Rq wkh rwkhu kdqg/ Y￿A shuirupv zhoo rqo| zlwk uhodwlyho| odujh vkliw
dqg euhdn srlqw qrw wrr forvh wr wkh ehjlqqlqj ri wkh vdpsoh1
e #Bt | 4*|T*i Mhi@!t
Zh qrz orrn dw wkh shuirupdqfh ri wkh vwdwlvwlfv lq wkh suhvhqfh ri pxowlsoh euhdnv/ dqg zh zloo
shuirup wzr w|sh ri h{huflvhv1 Lq wkh uvw rqh/ zh frqvlghu d GJS zlwk wzr euhdn srlqwv/ l1h1
[| @ f4i4  w  n￿j . ￿4in￿ .4wn 2j. 24 i n 2.4wWj. | dqg wkh | whup lv
dq DU+4, zlwk dxwruhjuhvvlyh sdudphwhu htxdo wr 3=81 Zh nhhs { wkh euhdn gdwhv dw &￿
A @4 @ 6
dqg &2
A @5 @ 6 dqg ydu| wkh uhodwlyh vl}h ri wkh vkliw/ phdvxuhg dv
>23>￿
>￿3>f= Zh zloo { ￿  f @4
dqg zh zloo frqvlghu vdpsohv ri 533 dqg 733 revhuydwlrqv1
4<W @5 3 3 Y 7u Y￿u
q@3 q@4 q@5 q6 q@3 q@4 q@5 q6
> 23 > ￿
> ￿3 > f @3 = 8 3134 319: 3164 3134 3136 31<9 3133 3133
>23>￿
>￿3>f @4 = 3 3134 315< 319; 3135 3134 31<< 3133 3133
W @7 3 3 Y 7u Y￿u
q@3 q@4 q@5 q6 q@3 q@4 q@5 q6
> 23 > ￿
> ￿3 > f @3 = 8 3133 317; 3184 3134 3133 31<< 3134 3133
>23>￿
>￿3>f @4 = 3 3133 313< 31;; 3136 3133 31<< 3134 3133
Zh vhh wkdw Y￿u lq doo fdvhv lv deoh wr ghwhfw rqo| rqh euhdn/ dowkrxjk lw sudfwlfdoo| qhyhu
idlov wr ghwhfw lw1 Rq wkh rwkhu kdqg lq wkh fdvh ri odujh vkliw +l1h1 vkliw htxdo wr wkh vwdqgdug
ghyldwlrq ri wkh lqqrydwlrq, Y7A lv deoh wr ghwhfw erwk euhdnv derxw 9;( ri wlphv +iru W @ 533,
dqg ;;( ri wlphv +iru W @ 733,> wkh surfhgxuh fkrrvhv hlwkhu rqh ru wzr euhdnv1
Zh qrz frqvlghu wkh ehkdylru ri Y7A zkhq lq wkh GJSv wkhuh duh wkuhh euhdnvb orfdwhg
dw &￿
A @4 @ 7 >& 2
A @5 @ 7 >& ￿
A @6 @ 7 =Wkuhh glhuhqw sdudphwul}dwlrqv ri wkh vkliw lq phdq kdyh
ehhq dqdo|}hg1
W @5 3 3 Y 7u
+f> ￿> 2> ￿, q@3 q@4 q@5 q@6 q7
+4/518/418/318, 3133 3139 317; 3178 3133
+4/5/6/7, 3133 3146 3187 3166 3133
+4/5/4/5, 313< 315< 3146 3179 3136
bW? |i U@ti Lu |hii Mhi@!t T￿A @t @M*i |L _i|iU| L?*) i|ih L?i Lh |L Mhi@!tc ? @** U@tit
53W @7 3 3 Y 7u
+f> ￿> 2> ￿, q@3 q@4 q@5 q@6 q7
+4/518/418/318, 3133 3133 3153 31:< 3134
+4/5/6/7, 3133 3135 3158 31:6 3133
+4/5/4/5, 3136 3148 3139 31:7 3135
Lq wkh uvw sdudphwhul}dwlrq lw lv hdvlhu wr ghwhfw doo wkh euhdnv/ dv lw lv fkdudfwhul}hg e| d
odujh vkliw dw wkh ehjlqqlqj ri wkh vdpsoh> zkloh wkh vhfrqg dqg wklug sdudphwul}dwlrqv kdyh doo
vkliwv ri wkh vdph vl}h1 Lq sduwlfxodu wkh wklug vfhqdulr lv wkh prvw glfxow/ jlyhq wkdw glhuhqfh
ehwzhhq wkh vxeshulrg phdqv dqg wkh phdq frpsxwhg rq wkh zkroh vdpsoh lv htxdo wr kdoi
vwdqgdug ghyldwlrq ri wkh lqqrydwlrq1￿f D vdpsoh vl}h ri 533 revhuydwlrqv vhhpv wrr vpdoo iru
fruuhfwo| ghwhfwlqj wkh qxpehu ri euhdnv/ dv hdfk vxeshulrg kdv rqo| iw| revhuydwlrqv1 Krzhyhu
wkh surfhgxuhv fruuhfwo| ghwhfwv wkh suhvhqfh ri pxowlsoh euhdnv1 Lq wkh uvw wzr fdvhv lw whqgv
wr ghwhfw wzr euhdnv lqvwhdg ri wkuhh/ zkloh lq wkh odvw fdvh wkh surfhgxuh whqgv wr qg hlwkhu d
vlqjoh euhdn ru wkuhh euhdnv1 Zlwk wkh odujhu vdpsoh vl}h/ wkh uxoh lv deoh wr ghwhfw wkh fruuhfw
qxpehu ri euhdnv1 Dv wkh huuruv glvsod| d uhodwlyho| kljk ghjuhh ri ghshqghqfh + @3 = 8,> wkhvh
uhvxowv vhhp udwkhu hqfrxudjlqj1 Ilqdoo|/ dv whup ri frpsdulvrq/ zh uhshdw wkh h{shulphqw xvlqj
dq hvwlpdwru ri wkh yduldqfh edvhg rq d vdpsoh phdq frpsxwhg ryhu wkh hqwluh vdpsoh +l1h1 zh
vhw  lq +:, htxdo wr rqh,1 Zh qrwh wkdw wkh uhvxowlqj ryhuhvwlpdwlrq ri wkh yduldqfh/ lqgxfhg
e| wkh qhjohfwhg phdq vkliw/ voljkwo| uhgxfhv wkh delolw| ri wkh surfhgxuh ri ghwhfwlqj pxowlsoh
euhdnv1
￿fWu i @_ L?*) |L Mhi@!t | >f ' c> ￿'2@ ? _> 2' |i? |i 4L?} it|4@|it |it| Lu c OLh?! @?_
k@? EbbD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54W @5 3 3 Y 7
+  f> ￿> 2> ￿, q@3 q@4 q@5 q@6 q7
+4/ 518/ 418/ 318, 3135 3145 3184 3167 3133
+4/5/6/7, 3133 3156 3185 3158 3133
+4/5/4/5, 3163 317; 313; 3147 3133
W @7 3 3 Y 7
+  f> ￿> 2> ￿, q@3 q@4 q@5 q@6 q7
+4/ 518/ 418/ 318, 3133 3136 3156 31:7 3133
+4/5/6/7, 3133 3139 315< 3198 3133
+4/5/4/5, 3148 3177 3138 3169 3133
Iurp wkh qglqjv uhsruwhg deryh/ zh vhh wkdw li wkhuh duh qr euhdnv Y￿A qhyhu qgv d
euhdn zkloh Y7A whqgv wr qg d euhdn lq derxw 48(  53( ri wkh fdvhv1 Rq wkh rwkhu kdqg/ li
lqghhg wkhuh duh vwuxfwxudo euhdnv wkhq Y7A lv deoh wr ghwhfw wkh fruuhfw qxpehu ri euhdnv lq
prvw ri wkh fdvhv1 Wkxv li Y7A ghwhfwv }hur euhdn ru pruh wkdq rqh euhdn zh uho| rq vxfk d
qglqjv1 Rq wkh rwkhu kdqg li Y7A ghwhfwv rqh euhdn/ zh fdqqrw gudz d fohdu fxw frqfoxvlrq
rq zkhwkhu wkhuh lv d euhdn ru qrw1 Lq vxfk d fdvh/ lw zrxog eh uhfrpphqgdeoh wr whvw wkh qxoo
ri }hur yhuvxv rqh euhdn xvlqj vrph rwkhu whvwlqj surfhgxuh/ vxfk dv Edl +4<<:/4<<<, ru Nxdq/
Qxqhv dqg Qhzerog +4<<8,1
D hi |ihi 4i@? tu|t ? |i ,hL_L**@h ?|ihit| h@|iq
Lq qdqfh wkhru|/ wkh sulflqj ri d ghulydwlyh vhfxulw| lv edvhg xsrq frqwlqxrxv wlph duelwudjh
dujxphqwv/ vwhpplqj iurp wkh vshflfdwlrq ri d glxvlrq surfhvv iru wkh xqghuo|lqj dvvhw1 Wr
wklv hqg/ wkh fruuhfw vshflfdwlrq ri wkh ixqfwlrqdo irup ri wkh guliw dqg wkh yrodwlolw| whup
ri wkh xqghuo|lqj glxvlrq surfhvv lv fuxfldo iru wkh fruuhfw sulflqj ri wkh ghulydwlyh vhfxulw|1
Iroorzlqj wklv edvlf lqwxlwlrq/ d odujh erg| ri olwhudwxuh kdv sdlg dwwhqwlrq wr wkh lvvxh ri
55whvwlqj iru wkh fruuhfw vshflfdwlrq ri d glxvlrq surfhvv1 Jlyhq wkdw wkh guliw dqg wkh yduldqfh
xqltxho| ghwhuplqh wkh vwdwlrqdu| ghqvlw| ri wkh glxvlrq/ d qdwxudo dssurdfk lv wr frpsduh
wkh sdudphwulf ghqvlw|/ lpsolhg e| d sdudphwulf vshflfdwlrq ri wkh guliw dqg wkh yduldqfh/ zlwk
d qrqsdudphwulf hvwlpdwru ri wkh ghqvlw|1 Wklv lv wkh dssurdfk sursrvhg e| D lw0Vdkdold lq d
vhtxhqfh ri sdshuv +4<<9d/ 4<<9e, dqg dssolhg wr whvwlqj frqwlqxrxv wlph prghov ri wkh vsrw
lqwhuhvw udwh1
Gxh wr wkh xvxdo fkdqjh ri phdvxuh dujxphqw wkh yrodwlolw| whup sod|v d fuxfldo uroh lq
wkh sulflqj ri ghulydwlyhv/ lw lv qhyhuwkhohvv wuxh wkdw wkh fkrlfh ri wkh surshu ixqfwlrqdo irup
iru wkh yrodwlolw| lv qrw lqghshqghqw ri wkh fruuhfw vshflfdwlrq ri wkh guliw1 Lqghhg rqh ri wkh
pdlq qglqjv ri Dlw0Vdkdold +4<<9e,/ zkhq dsso|lqj klv iudphzrun wr wkh fkdudfwhul}dwlrq ri
wkh surshuwlhv ri vhyhq0gd| Hxurgroodu ghsrvlw udwh/ lv wkdw wkh olqhdulw| ri wkh guliw lpsrvhg
lq wkh olwhudwxuh lv wkh pdlq vrxufh ri plvshflfdwlrq1 Wr wklv hqg kh sursrvhg d qrq olqhdu
vshflfdwlrq ri wkh guliw zklfk lv deoh wr fdswxuh wkh phdq uhyhuwlqj ehkdylru lq suhvhqfh ri
odujh ghyldwlrqv/ zkloh ehlqj yluwxdoo| }hur durxqg wkh phdq ri wkh surfhvv1
Lq oljkw zlwk wkrvh qglqjv/ wkh vdph gdwd vhw ri vsrw udwh kdv ehhq dqdo|}hg yld wkh sur0
fhgxuh ghvfulehg lq wkh suhylrxv vhfwlrqv/ lq rughu wr whvw iru wkh srvvleoh suhvhqfh ri vkliwv lq wkh
phdq1 Wkh gdwd￿￿ vhw frqvlvwv ri vhyhq gd| Hxurgroodu ghsrvlw udwh/ elg0dvn plgsrlqw/ frqwlqx0
rxvo| frpsrxqghg |lhog wr pdwxulw|/ iurp 3413914<:6 wr 5813514<<81 Wkh gdwd kdv ehhq vdpsohg
dw zhhno| iuhtxhqf|/ frqvlghulqj forvlqj ri wkh zhhn ydoxh/ dqg wrwdo vdpsoh vl}h dprxqwv ri 4464
zhhno| revhuydwlrqv1 Wkh zhhno| gdwd duh wkh vrolg olqh lq Iljxuh 4/ zkloh wkh dxwrfruuhodwlrq
ixqfwlrq ri wkh vsrw udwh ohyhov lv glvsod|hg lq Iljxuh 5 zlwk wkh vrolg olqh1 Wkh DFI h{klelwv dq
h{wuhpho| vorz ghfd|lqj sdwwhuq/ lq idfw wkh fruuhodwlrq vhhpv wr ydqlvk dw d olqhdu udwkhu wkdq
dw d jhrphwulf rqh1
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1 26 51 76 101 126 151 176 201 226
Iljxuh 5 0 Dxwrfruuhodwlrq ixqfwlrq +erxqgv htxdo wr 	4=<9W3￿*2,=
Wkh vhtxhqwldo surfhgxuh iru wkh ghwhfwlrq ri wkh qxpehu ri euhdnv dv zhoo dv iru wkh
orfdwlrqv ri wkh euhdn srlqwv/ kdv ehhq dssolhg wr wkh ohyho lqwhuhvw udwh/ xvlqj wkh orfdo phdq
57vwdwlvwlf Y7u/g h  q h gd vl q+ 8 , 1W k hz l q g r zo h q j w kk d ve h h qv h wh t x d ow r6 5 3s h u l r g v+ @= 74,
dffruglqj wr d furvv0ydolgdwlrq w|sh ri dujxphqw/ zkloh wkh ohqjwk ri wkh wuxqfdwlrq odj lq wkh
frpsxwdwlrq ri wkh xqfrqglwlrqdo yduldqfh kdv ehhq vhw htxdo wr 68/ l1h1/ oA @6 8 =Wkh uhvxowv ri
wkh vhtxhqwldo surfhgxuh duh uhsruwhg lq wkh iroorzlqj wdeoh1
Kf K￿ Y7u
3 4 4=57
4  5 3=9:
5  6 4=34
6  7 4=39
7  8 3=9;
8  9 3=7;
Wkxv zh frqfoxgh lq idyru ri yh euhdn srlqwv1 Lq wkh wdeoh ehorz/ wkh uvw froxpq glvsod|v
wkh vl{ glhuhqw vxeshulrgv +lq whupv ri wkh zhhn ri wkh |hdu,/ zkloh wkh vhfrqg froxpq glvsod|v
wkh glhuhqw phdqv1 Wkh phdqv ryhu wkh glhuhqw wlph vsdqv duh dovr sorwwhg lq Iljxuh 4 zlwk
d grwwhg olqh1
Vxeshulrgv Phdq
4<:6@56  4<:8@4 43=747
4<:8@5  4<:;@69 9=38:
4<:;@6:  4<;8@57 45=44<
4<;8@56  4<;9@68 :=977
4<;9@69  4<<4@7 :=;;6
4<<4@8  4<<7@: 7=56;
Wkh surfhgxuh ghwhfwhg wkh suhvhqfh ri yh vkliwv lq wkh phdq ri wkh vsrw Hxurgroodu udwh
iurp 4<:6 wr 4<<81 Wkrvh gdwhv duh lq olqh zlwk h{ srvw uhylvlwdwlrq ri wkh XV prqhwdu| srolf|
+h1j1= Urphu dqg Urphu/ 4<;<> Uxghexvfk/ 4<<8,1 Wkh ehjlqqlqj ri 4<:8 dqg plggoh ri 4<:;
duh wzr hslvrghv glvfxvvhg e| Urphu dqg Urphu dqg wkh odwwhu hslvrghv lv dovr lqfoxghg lq wkh
58vr fdoohg %Urphu gdwhv1% Gxulqj wkh 4<;8 dqg 4<;9/ wkhuh kdv ehhq uvw d orrvhqlqj ri prqhwdu|
srolf|/ iroorzhg e| d fkdqjh ri ehkdylru lq wkh hqg ri 4<;9/ dv uhsruwhg e| Uxghexvfk +4<<8,
lq klv vwxg| rq wkh prglfdwlrq ri wkh Ihghudo Uhvhuyh lqwhuhvw udwh wdujhw1 Ilqdoo|/ wkh 4<<4 lv
plggoh srlqw ri d surfhvv ri udwh uhgxfwlrq vwduwhg lq wkh hduo| 4<;</ zlwk d IHG wdujhw udwh ri
<1:8(/ dqg whuplqdwhg dw wkh hqg ri 4<<5/ zlwk dq lqwhuhvw udwh ohyho ri 6(1
Zkloh wkh euhdn gdwhv duh frqvlvwhqw zlwk rxu hfrqrplf sulruv/ wkh ydolglw| ri wkh dqdo|vlv
fdq eh dhfwhg e| wkh vwurqj ghshqghqfh ghwhfwhg lq wkh gdwd1 Wr wklv hqg/ wkh DFI kdv ehhq
uhfrpsxwhg diwhu vxewudfwlqj iurp wkh vsrw udwh dq hvwlpdwru ri wkh phdq iru hdfk vxevdpsoh>
vxfk DFI lv sorwwhg lq Iljxuh 5 zlwk gdvkhg olqh1 Vxusulvlqjo| wkh dxwrfruuhodwlrqv ixqfwlrq
vkrzv d frpsohwho| glhuhqw sdwwhuq zlwk uhvshfw wr wkh rqh frpsxwhg zlwkrxw frqvlghulqj wkh
phdq vkliwv1 Lq sduwlfxodu/ hyhq li wkh fruuhodwlrq dw odj rqh lv vwloo forvh wr rqh/ lw vhhpv wr ghfd|
dw d pxfk txlfnhu +h{srqhqwldo w|sh, udwh1 Wkh fruuhodwlrq glvsod|v vrph olplwhg g|qdplf durxqg
rqh kxqguhg odjv/ zklfk/ iru zhhno| gdwd/ fruuhvsrqgv wr d shulrg ri wzr |hduv1 Vr lw fohduo|
hphujhv wkdw qhjohfwlqj wkh phdq vkliwv lqgxfhv d vsxulrxv ryhuhvwlpdwlrq ri wkh dxwrfryduldqfh
dqg vr d yhu| vorzo| ghfd| sdwwhuq ri wkh dxwrfruuhodwlrq ixqfwlrq1 Rqfh zh surshuo| frpsxwh
w k hv d p s o hp h d q /w d n l q jl q w rd f f r x q ww k he u h d n v /w k hp h p r u |r iw k hh u u r ur iw k hs u r f h v vg h f d | v
dw dq h{srqhqwldo0w|sh udwh/ wkxv zh fdq frqfoxgh wkdw dvvxpswlrq D5/ uhjxodwlqj wkh phpru|
ri wkh huuruv/ lv vdwlvhg dqg rxu qglqjv duh uholdeoh1 Ixuwkhupruh wkh uhvxowv ri wkh vhtxhqwldo
surfhgxuh duh qrw dhfwhg e| wkh qhjohfwhg euhdnv/ jlyhq wkdw wkh orfdo phdq kdv ehhq xwlol}hg
lq wkh frpsxwdwlrq ri wkh yduldqfh1
Wklv hpslulfdo qglqjv duh vrphzkdw uhodwhg wr uhfhqw olwhudwxuh zklfk srlqwv rxw wkh
sureohp ri vsxulrxv lghqwlfdwlrq ri orqj phpru| gxh wr qhjohfwhg vwuxfwxudo euhdnv +Glherog
dqg Lqrxh/ 4<<<,1￿2 Lq idfw/ dv zh douhdg| glvfxvvhg/ lq wkh suhvhqfh ri qhjohfwhg euhdnv wkh
hvwlpdwru ri wkh yduldqfh ri wkh sduwldo vxp lv ri wkh rughu R+WoA,>zkhuh oA lv wkh odj wuxqfdwlrq
sdudphwhu zklfk lv ri rughu W￿*e+orjW,3￿*Ee3b￿>A3 =Wkxv wkh ehkdylru ri wkh vhulhv fdq eh
plvohdglqjo| frqixvhg zlwk wkh ehkdylru ri d orqj phpru| surfhvv1
Wkh fruuhfw vshflfdwlrq ri wkh guliw whup lv fuxfldo iru wkh surshu lghqwlfdwlrq ri wkh
￿2? |i L|ih @?_ O_@*}L @?_ +LM?tL? EbbS ThLTLti_ @ |it| uLh @ t?}*i t|hU|h@* Mhi@! ? |i Thiti?Ui
Lu *L?} 4i4Lh) ihhLht
59yrodwlolw| whup fkdudfwhul}lqj wkh glxvlrq surfhvv> lq wklv h{dpsoh/ zh vkrz wkdw wkh zhhno|
hxurgroodu vsrw udwh suhvhqwv vhyhudo phdq vkliwv/ zklfk duh lq olqh zlwk wkh fkdqjh lq wkh
IHG srolf| ryhu wkh odvw wzhqw| |hduv1 Zh kdyh vkrzq wkdw qhjohfwlqj wkrvh euhdnv fdq eh
dq h{sodqdwlrq iru wkh vwurqj ghshqghqfh +ri orqj phpru| w|sh,/ zklfk lv xvxdoo| revhuyhg lq
wkrvh gdwd1 Lq d uhfhqw sdshu Sulwvnhu +4<<;, vkrzv yld prqwh fduor h{huflvhv/ wkdw lq suhvhqfh ri
vwurqj ghshqghqfh/ Dlw0Vdkdold*v vshflfdwlrq surfhgxuh whqgv wr ryhuuhmhfw wkh qxoo1 Jlyhq wkh
doprvw W0vwurqj frqvlvwhqf| ri wkh euhdn srlqw/ lw pd| eh dssursuldwh wr shuirup wkh Dlw0Vdkdold
qrq sdudphwulf whvw ryhu wkh glhuhqw vxevdpsohv1
S L?U*tL?t
Lq wklv zrun/ d vlpsoh vhtxhqwldo uxoh iru ghwhfwlqj wkh qxpehu ri vkliwv lq wkh phdq lv sursrvhg1
Zh vkrz wkdw li/ dw dq| vwdjh/ zh dffhsw wkh qxoo ri o yhuvxv dw ohdvw o . 4 euhdnv zkhqhyhu zh
jhw d ydoxh vpdoohu wkdq ru htxdo wr 4@5/ dqg zh uhmhfw wkh qxoo rwkhuzlvh/ wkhq lq odujh vdpsoh
wkh suredelolw| ri erwk w|sh L dqg w|sh LL huuru lv }hur1 Wkh vhtxhqwldo surfhgxuh gholyhuv d
vwurqjo| frqvlvwhqw hvwlpdwru ri wkh qxpehu ri vkliwv1
Fulwlfdo iru wkh shuirupdqfh ri wkh vhtxhqwldo uxoh lv wkh xvh ri d frqvlvwhqw hvwlpdwru iru
wkh orqj uxq yduldqfh/ xqghu erwk wkh qxoo dqg wkh dowhuqdwlyh1 Xqghu wkh dowhuqdwlyh/ vwdqgdug
KDF hvwlpdwruv ri wkh yduldqfh gholyhu dq ryhu0hvwlpdwlrq ri wkh wuxh yduldqfh ri wkh surfhvv
gxh wr wkh qhjohfwhg vkliwv lq wkh phdq1 Wklv fdq khdylo| mhrsdugl}h wkh delolw| ri uhmhfwlqj wkh
qxoo zkhq lw lv idovh1 Zh sursrvh dq hvwlpdwru ri wkh yduldqfh/ edvhg rq ghyldwlrqv ri wkh surfhvv
iurp d surshuo| ghqhg orfdo phdq/ zklfk lv d frqvlvwhqw hvwlpdwru xqghu erwk wkh qxoo dqg wkh
dowhuqdwlyh/ dw dq| vwhs ri wkh surfhgxuh1
Vrph suholplqdu| vlpxodwlrq uhvxowv kdyh vkrzq wkdw wkh surfhgxuh shuirupv udwkhu vdw0
lvidfwrulo| zlwk vdpsohv ri 733 revhuydwlrqv/ lq wkh fdvh ri pruh wkdq wzr euhdnv/ dqg zlwk
vdpsohv ri 533 revhuydwlrqv lq wkh fdvh ri dw prvw wzr euhdnv1 Zh kdyh dssolhg wkh surfhgxuh
wr wkh zhhno| Hxurgroodu ghsrvlw udwh dqg zh kdyh ghwhfwhg yh euhdnv/ zklfk duh orfdwhg lq
olqhv zlwk fkdqjhv lq wkh X1V1 prqhwdu| srolf|1
5:. TTi?_ 




SURRI RI SURSRVLWLRQ 614=




















































|  E+W,,m @ L . LL
zkhuh E lv d Eurzqldq prwlrq zlwk yduldqfh htxdo wr 2
f= Zh vkrz wkdw L dqg LL duh r@￿r￿+4,=
Jlyhq D40D6/ L @ r@￿r￿+4, ehfdxvh ri Wkhruhp 4 lq Hehuodlq +4<;9,/ rqfh zh kdyh vkrzq wkdw
+45, dqg +46, ehorz krog=
nH+VA+p,mI6,n2  F +45,
zkhuh VA+p,@
S 6 n A
& ’ 6 n￿ &/d q gFlv lqghshqghqw ri p/d q gI 6@ + === 63￿> 6,d q gx q l i r u p o |
lq p/
W3￿HmH+VA+p,2mI6,  H+VA+p,2,m @ R+W3w, +46,
iru vrph A31
















￿ D  F





Dv iru +46, lw krogv e| wkh vdph dujxphqw xvhg lq wkh surri ri Ohppd 514/ s19850986
lq Fruudgl +4<<<,1 LL @ r@r+4, ehfdxvh ri wkh odz ri wkh lwhudwhg orjdulwkp iru vwurqj pl{lqj
surfhvvhv/ wkdw iroorzv dv d fruroodu| ri Wkhruhp 4 lq Hehuodlq1


























Lq rughu wr vkrz +47,/ zh vkdoo surfhhg lq wkuhh vwhsv1
VWHS 4= Vkrz wkdw srlqwzlvh lq u> olpvxsA<"g3￿
A mE+Wu,uE+W,m @ f
s
u+4  u,=
VWHS 5= Vkrz wkdw g3￿
A mE+Wu,uE+W,m lv doprvw vxuh dv|pswrwlfdoo| xqlirup htxlfrq0
w l q x r x v+ d 1 v 1D X H F ,l quryhu ^>4`=
V W H S6 1J l y h qV w h s4d q gV w h s5 /v k r zw k d wo l pv x s A<"vxsoMd￿c￿3￿og3￿
A mE+Wu,uE+W,m @
f4@5=


















u+4  u, +48,
zlwk ] eh d Eurzqldq prwlrq zlwk yduldqfh htxdo wr 2
f= Wkh uvw htxdolw| lq +48, frphv iurp wkh
idfw wkdw E+Wu,uE+W, lv d Eurzqldq Eulgjh dqg kdv wkh vdph glvwulexwlrq ri +4u,]+ o
￿3oW,
+vhh h1j1 Vhq/ 4<;9/ s1446,1 Wkh odvw htxdolw| lq +48, iroorzv iurp wkh OLO iru wkh Eurzqldq
prwlrq +h1j1 Ndudw}dv dqg Vkuhyh/ 4<<4/ s1445,/ iru dq| jlyhq u=
SURRI RI VWHS 5=
g3￿
A















A m+u  u￿,E+W,m5 f
dqg lw dssurdfkhv 3 dv  $ 3> hqvxulqj wkh d1v1DXHF ri wkh whup1
Iru jlyhq W/ ehfdxvh ri wkh Kroghu frqwlqxlw| ri rughu  5 +3>4@5, ri wkh Eurzqldq prwlrq +vhh






mu  u￿m# ?F
zkhuh F lv dq dssursuldwh frqvwdqw1 E| qrwlqj wkdw g3￿
A $ 3d vW$4 >lw iroorzv wkdw doprvw








A mE+u,  E+u￿,m @3
SURRI RI VWHS 6= Ohw V+>u￿,@+ u=m uu ￿m , >vr wkdw zh fryhu wkh vsdfh ^>4`z l w k































Iurp Vwhs 5/ zh nqrz wkdw dv  $ 3> w k ho l pv x sd vW$4ri wkh uvw whup lq wkh UKV ri +49,




















f iurp Wkhruhp 4 lq gh Mrqj +4<<<,/ rqfh zh kdyh vkrzq wkdw klv Dvvxpswlrqv
+4,0+7, krog1 +4, dqg +7, krog vwudljkwiruzdugo|/ jlyhq wkh Eduwohww nhuqho zh duh xvlqj1 Jlyhq
D4 dqg D5/ gh Mrqj +5, krogv +xvlqj klv qrwdwlrq, iru u @7d q gs@5 + 5. ,d q g+ 6 ,k r o g v
jlyhq wkh udwh ri jurzwk iru wkh odj wuxqfdwlrq sdudphwhu lq wkh vwdwhphqw ri wkh sursrvlwlrq1
Wklv frqfoxghv wkh surri ri +l,1

































+￿  ￿3￿,￿ @ 
Zh vkdoo qrz vkrz wkdw
￿ j2
￿A



































































@ r@r+4, . R@r+4,
e| qrwlqj wkdw wkh uvw wkuhh whupv rq wkh UKV duh r@r+4, e| wkh vwurqj odz ri odujh qxpehu
dqg dv vxs| H+[|, ? 41 Wkh odvw whup lv R@￿r￿+4,> dv [
@￿r￿ $
S6n￿
￿’￿ +￿  ￿3￿,￿ @ 



















+[￿  H+[￿,,m .
n￿ s
5W orjorjW
+  [  ,@R @r+4,
ehfdxvh ri wkh OLO iru vwurqj pl{lqj surfhvvhv/ jlyhq wkdw W  n￿  +4  ,W1







ehfdxvh ri D7 dqg D81 Dv g3￿
A vxsoMd￿c￿3￿om
SdAoo
￿’￿+[￿ [,mg 3 ￿
A m
S & ￿
￿ ’￿+[￿  [,m> wkh ghvluhg
uhvxow iroorzv1
SURRI RI SURSRVLWLRQ 6151
+l, Jlyhq wkdw W1 $4 >dv W $4 >; w> [
|  [
@￿r￿ $ 3> w k hu h v x o wi r o o r z ve |w k hv d p hd u j x p h q w
xvhg lq wkh surri ri +l, lq Sursrvlwlrq 6141










++[|  f4i4>n ￿j ￿4 i n ￿.4 >Wj,+[








++[|  f4i4>n ￿j ￿4 i n ￿.4 >Wj,+[
| f4i4>n ￿j ￿4 i n ￿.4 >Wj,, 
++[|3r  f4i4>n ￿j ￿4 i n ￿.4 >Wj,+[
|3r f4i4>n ￿j ￿4 i n ￿.4 >Wj,,







































| f4i4>n ￿j ￿4 i n ￿.4 >Wj,+[









+[|  f4i4>n ￿j ￿4 i n ￿.4 >Wj,+[









+[|3r  f4iv>n￿j ￿4 i n ￿.4 >Wj,+[
| f4iv>n￿j ￿4 i n ￿.4 >Wj,
Qrz L
@￿r￿ $ 2
f e| Wkhruhp 4 lq gh Mrqj +4<<<,1 Wkxv zh qhhg wr vkrz wkdw LL>LLL>LY>Y>YL




























+[|3r  f4i4>n ￿j ￿4 i n ￿.4 >Wj,+[
| f4i4>n ￿j ￿4i n ￿.4>Wj,
@YLd.YLe.YLf
Qrz ;w  n￿> [
|  f @ R@￿r￿+W31*2s








|’rn￿ +[|3r  f,@r @￿r￿+oA,> wkxv dv A 1
,2
A *L} *L}A 1 $4
dv W $4 >YL dlv r@r+4,> dqg iru wkh vdph dujxphqw YLelv r@￿r￿+4, wrr1 Ilqdoo|/ dv iru YLf >
+ [
| f4 i 4 >n ￿j ￿4 i n ￿.4 >Wj,@R @￿r￿+4,> dv [








+[|3r  f4i4>n ￿j ￿4 i n ￿.4 >Wj,@R @￿r￿+oAW13￿ orjorjW1,
Wkxv iru
,AA 1 *L} *L}A 1
A $ 3>YL flv r@￿r￿+4, wrr1 Qrz/ Y lv r@￿r￿+ 4 ,e |w k hv d p hd u j x p h q w 1D vi r u































|  f4i4>n ￿j ￿4 i n ￿.4 >Wj,
+[
|3r f4iv>n￿j ￿4 i n ￿.4 >Wj,
@LYd.LYe.LYf
LYd dqg LYe duh R@￿r￿+oAW31 orjorjW,d q gLYf lv R@￿r￿+oAW13￿orjorjW,> wkxv LY lv r@￿r￿+4,=
Ilqdoo| LL dqg LLL duh r@￿r￿+ 4 ,e |w k hv d p hd u j x p h q wx v h gd e r y h 1 
SURRI RI OHPPD 616























































wkh uvw dqg wkh odvw whup rq wkh UKV frqyhujh doprvw vxuho| wr 2 d q gw r} h u re |dv w u r q j




￿+￿ ￿3￿,= Wkh vdpsoh phdq  frqyhujhv wr  e| VOOQ1 Wkh phdq lq wkh uvw
vxevdpsoh +
d￿Ao
A , frqyhujhv d1v1 xqlirupo| lq  wr +, jlyhq wkdw iru hyhu|  VOOQ hqvxuhv wkh
frqyhujhqfh/ dovr d vwurqjo| vwrfkdvwlfdoo| htxlfrqwlqxlw| frqglwlrqv +Dqguhzv/ 4<<5, lv vdwlvhg>
w k hv d p hk r o g vi r u +
d ￿Ao
A ,2=Ehfdxvh doo wkh vwrfkdvwlf whupv kdyh xqlirup olplw rq  5 ^>4`/
wkh uhvxow wkhq iroorzv1
Wkh surri ri Wkhruhp 617 uhtxluhv wkuhh Ohppdv1
OHPPD D4
Wkhuh h{lvwv d frqvwdqw F ghshqglqj rqo| rq wkh euhdn srlqwv vxfk wkdw
X+,  X+￿
f,  F




f @d u jp l q + X +  ￿, >===>X+6f,,> vr ￿
f lv wkh euhdn dprqj wkh pf wkdw prvw frqwulexwhv
wr wkh uhgxfwlrq ri wkh vxp ri vtxduhg uhvlgxdov1
67SURRI= Frqvlghu d  5 ^￿> ￿n￿`z k h u h ￿lv d jhqhulf euhdn srlqw dprqj wkh srvvleoh pf dqg





















dqg jlyhq wkdw +,@
E ￿3 ￿ ￿￿
￿  ￿ n￿ . ￿￿















@+    ￿ ,

+4  ￿n￿,￿n￿



















 +  ￿,

+4  ￿n￿,￿n￿














@+    ￿ ,

+4  ￿n￿,￿n￿
 +4  ,+ ￿n￿  ￿,

iX+￿n￿, X+￿,j
 F￿ + ￿,
wkh vhfrqg htxdolw| lv rewdlqhg mxvw duudqjlqj whupv/ wkh uvw lqhtxdolw| lv gxh wr   ￿n￿/
wkh wklug htxdolw| iroorzv e| wkh ghqlwlrq ri X+￿n￿,  X+￿, dqg qdoo| wkh odvw lqhtxdolw| lv
rewdlqhg e| vxevwlwxwlqj wr wkh h{suhvvlrq lqwr eudfnhwv wkh srvlwlyh frqvwdqw F￿ zklfk lv rqo|
ixqfwlrq ri euhdnv iudfwlrq ￿n￿ dqg ￿ dqg wkh glhuhqfh ri wkh vxp ri vtxduhg uhvlgxdov dw
wkh euhdn gdwhv1 Jlyhq wkdw wkh qxpehu ri euhdn srlqwv lv qlwh dqg jlyhq D7 wkhq wkhuh lv d






dqg frpelqlqj wklv zlwk wkh suhylrxv qglqj
X+,  X+￿
f,  F￿ m  ￿m . f




   ￿
f
 
68zkhuh F lv wkh plq ri f dqg wkh qlwho| pdq| F￿=
OHPPD D5
Xqghu dvvxpswlrq D4~D5 dqg D7/ me ￿  ￿






























   .X+e ￿,X+￿
f,
E| wkh ghqlwlrq ri wkh euhdn hvwlpdwru wkh ohiw kdqg vlgh ri wkh deryh lqhtxdolw| lv ohvv wkhq
}hur dqg vr zh rewdlq wkdw
5vxs
&




     X+e ￿,X+￿
f,  F
 a ￿ ￿
f
 
zkhuh wkh odvw lqhtxdolw| iroorzv e| Ohppd D41 Jlyhq wkdw wkh ohiw prvw whup frqyhujhv wr }hur
doprvw vxuho| dw udwh W3￿*2s
orjorjW e |w k hv d p hd u j x p h q wx v h gl qw k hs u r r ir iS u r s r v l w l r q
614 +l,/ wkh ghvluhg uhvxow iroorzv1
OHPPD D6








zkhuh GA @ in = W￿
f+4 . ,  n  W￿n￿





  AP Ajzlwk ￿
f dqg ￿n￿
f ehlqj
w k hw z re u h d ns r l q w vm x v we h i r u hd q gd i w h u ￿
f>dqg  lv d vpdoo srvlwlyh frqvwdqw1





A / dqg dvvxph/ zlwkrxw orvv ri jhqhudolw|/ n  n￿
f1 Qrwh wkdw
w k hv d p hu h v x o wz l o ok r o gi r uw k hf d v hr i@ olpA<"
&
A /l qi d f ww k hv w h s ve h o r zz r x o gk r o gx s




fW`,  W+X+,  X+￿




   F> +4:,
zkhuh F lv wkh frqvwdqw ri Ohppd D41 Qrwh wkdw wkh qxphudwru rq wkh ohiw kdqg vlgh lv
qhjdwlyh1 Wkh vhw GA uhsuhvhqw wkh gdwd srlqwv zklfk duh erxqghg dzd| iurp wkh suhylrxv dqg
69wkh iroorzlqj euhdn gdwhv dqg zklfk duh glvwdqw iurp wkh gdwh ri wkh euhdn ￿
f ri dw ohdvw PA
revhuydwlrqv1
Wkh surri lv edvhg rq dujxlqj wkdw zlwk suredelolw| rqh iru doo n 5 GA wkh devroxwh ydoxh




,i r un5G A=Frqvlghu






 VA+n,  VA+n￿





































































Wkh surri lv edvhg rq vkrzlqj wkdw wkh ohiw kdqg vlgh ri wkh deryh h{suhvvlrq glylghg e|
 n  n￿
f
 
jrhv wr }hurv doprvw vxuho|1 E| wuldqjxodu lqhtxdolw|/ lw iroorzv wkdw
 VA+n,  VA+n￿




































































Zh fdoo wkh wkuhh hohphqwv rq wkh uljkw kdqg vlgh dv L4A/ L5A dqg L6A uhvshfwlyho|1 Wkh uvw













































































































zkhuh | @ ￿4in￿ .4 >n ￿n￿j>
S& lv wkh vxppdwlrq iurp 4 wr n> zkloh
S&f
& lv wkh vxppdwlrq
iurp n wr nf1 Zh zloo vkrz wkdw wkh uljkw kdqg vlgh qrupdol}hg e|
 n  n￿
f
  jrhv wr }hur1 Iluvw






















 n  n￿
f
  lw frqyhujhv wr }hur/ dv
 n  n￿
f
  AP A>P A $4 >e| wkh idfw wkdw
+
S& >|
&  +,, @ R+W3￿,d q g+
S &> |
& . +  ,, @ R+4,1 Wkh vdph uhvxow krogv iru wkh irxuwk dqg
wkh odvw whup1 Wkh vhfrqg dqg wkh iwk hohphqw duh
Wm
4



















































































































doo wkh whupv duh R@r+orjorjW, e| wkh OLO dqg/ glylghg e|
 n  n￿
f
  zklfk lv R+W 3#,/ A3 >
dssurdfk }hur doprvw vxuho|1 Ilqdoo| wkh wklug dqg vl{wk whupv
W
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$     
djdlq glylglqj erwk vlghv e|
 n  n￿
f
  lw iroorzv wkdw lw frqyhujhv doprvw vxuho| wr }hur e| wkh
vdph dujxphqw1 Wklv lpsolhv wkdw L4A qrupdol}hg e|
 n  n￿
f
  frqyhujhv doprvw vxuho| wr }hur>
wkh vdph krogv iru L5A dqg L6A1
Jlyhq wkdw wkh OKV ri +4:, frqyhujhv doprvw vxuho| wr }hur/ wkh surri ri wkh ohppd iroorzv
e| frqwudglfwlrq1




















e n￿ 5 GA> olp
A<"
  e n￿  n￿
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Wklv frqfoxghv wkh surri1















+[|  4i4>n ￿j [ ￿4in ￿.4 >Wj[2m.r @r+4,
jlyhq wkdw a n￿  n￿ @ R@r+W#,d q gf [ ￿ [ ￿@R @r+W3￿*2E￿3#￿s
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Ilqdoo|/ jlyhq wkdw hdfk whupv lqvlgh wkh pd{ rshudwru frqyhujhv wr d eurzqldq eulgjh/ wkh
olpvxs dv W $4ri wkh uljkw kdqg vlgh ri wkh odvw lqhtxdolw| lv pdmrul}hg e| 4@5e |w k hv d p h
dujxphqw xvhg lq wkh surri ri sursrvlwlrq 614+l,1
+ll, E| wkh vdph dujxphqw xvhg lq wkh surri ri sursrvlwlrq 614 +ll,1
SURRI RI OHPPD 619
Jlyhq wkh W3E￿3#￿ frqvlvwhqf| ri wkh hvwlpdwhg euhdn srlqwv/ wkh glhuhqfh ehwzhhq wkh h{suhv0
vlrq lq +<, dqg wkh rqh fruuhvsrqglqj h{suhvvlrq hydoxdwhg dw wkh wuxh euhdn srlqwv lv r@r+4,1
Wkxv wkh uhvxow iroorzv e| wkh vdph dujxphqw dv lq Ohppd 6161
SURRI RI FRUROODU\ 61:
Jlyhq D7/ dqg jlyhq wkdw a n￿@W  ￿
f @ R@r+W3E￿3#￿,/ lw iroorzv e| wkh vdph dujxphqw xvhg
lq wkh surri ri Wkhruhp 6171 Lq idfw dw wkh vhfrqg vwhs zh duh ghdolqj zlwk d vhulhv ri q  4
xqnqrz euhdn dqg zh ghwhfw wkh euhdn dprqj wkh uhpdlqlqj q4 wkdw prvw frqwulexwhg wr wkh
uhgxfwlrq ri wkh vxp ri vtxduh huuruv1
SURRI RI WKHRUHP 61;
Zkhq zh idlo wr uhmhfw wkh qxoo/ zh vwrs> li zh idlo wr uhmhfw K6
f = p euhdnv/z hp h d qw k d wz h
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